Abstract We consider a model of fermions interacting via point interactions, defined via a certain weighted Dirichlet form. While for two particles the interaction corresponds to infinite scattering length, the presence of further particles effectively decreases the interaction strength. We show that the model becomes trivial in the thermodynamic limit, in the sense that the free energy density at any given particle density and temperature agrees with the corresponding expression for non-interacting particles.
Introduction
Due to their relevance for cold-atom physics [27] , quantum-mechanical models of particles with zero-range interactions have recently received a lot of attention. Of particular interest is the unitary limit of infinite scattering length, where one has scale invariance due to the lack of any intrinsic length scale (see, e.g., [3, 4, 11, 12, 25] ). Despite some effort [5] [6] [7] 9, 21] , it remains an open problem to establish the existence of a many-particle model with two-body point interactions. Such a model is known B Thomas Moser thomas.moser@ist.ac.at Robert Seiringer robert.seiringer@ist.ac.at 1 Institute of Science and Technology Austria (IST Austria), Am Campus 1, 3400 Klosterneuburg, Austria to be unstable in the case of bosons (a fact known as Thomas effect [3, 5, 24] , closely related to the Efimov effect [8, 22, 26] ) and hence can only exist for fermionic particles. In contrast, the two-body problem is completely understood and point interactions can be characterized via self-adjoint extensions of the Laplacian on R 3 \{0} (see [1] for details). These self-adjoint extensions can be interpreted as corresponding to an attractive point interaction, parametrized by the scattering length a, with interaction strength increasing with 1/a. For non-positive scattering length, a ≤ 0, the attraction is too weak to support bound states, while there exists a negative energy bound state for a > 0.
In the case of non-positive scattering length, a ≤ 0, corresponding to the absence of two-body bound states, point interactions can alternatively be defined via the quadratic form
The unitary limit corresponds to a −1 = 0. Recall that the scattering length is defined (see, e.g., [14, Appendix C]) via the asymptotic behavior of the solution to the zero-energy scattering equation, which in this case is simply equal to |x| −1 − a −1 , corresponding to f ≡ 1. To see that (1.1) corresponds to a point interaction at the origin, note that an integration by parts shows that
for any > 0. The last term vanishes as → 0 if f vanishes faster than |x| 1/2 at the origin. We consider here a many-body generalization of (1.1), which was introduced in [2] . It has the advantage of being manifestly well defined, via a non-negative Dirichlet form. As already noted above, in general it is notoriously hard to define many-body systems with point interactions, see [5] [6] [7] 9, 21] , due to the inherent instability problems. The model under consideration here was studied in [10] , where it was shown to satisfy a Lieb-Thirring inequality, i.e., the energy can be bounded from below by a semiclassical expression of the form C ρ(x) 5/3 dx, with ρ the particle density and C a positive constant. Up to the value of C, this is the same as the inequality for non-interacting fermions used by Lieb and Thirring [15, 16] in their proof of stability of matter. (For other recent work on Lieb-Thirring inequalities for interacting particles, see [17] [18] [19] [20] .)
The model considered here has the disadvantage that the interaction is not purely two-body, however. In fact, it is a full many-body interaction, its strength depends on the position of all the particles and is weakened due to their presence. We shall show here that the effects of the interaction actually disappear in the thermodynamic limit, and the thermodynamic free energy density agrees with the one for non-interacting fermions.
In the next section, we shall introduce the model and explain our main results. The rest of the paper is devoted to their proof.
Model and main results
We consider fermions with q ≥ 1 internal (spin) states, described by wave functions in the subspace
of functions that are totally antisymmetric with respect to permutations of the variables y i = (x i , σ i ), where x i ∈ R 3 and σ i ∈ {1, . . . , q}. For ψ ∈ A N q , our model is defined via the quadratic form
where ∇ i stands for the gradient with respect to x i ∈ R 3 , and we introduced the shorthand notation . .
Since g is a harmonic function away from the planes {x i = x j } of particle intersection, an integration by parts as in (1.2) shows that (2.2) corresponds to a model of point interactions, as 2 in case ψ has compact support away from these planes. 2 holds if ψ vanishes faster than the square root of the distance to the planes of intersection, which is in particular the case for smooth and completely antisymmetric functions of the spatial variables. In other words, the model is trivial for q = 1.
For N particles in a cubic box [0, L] 3 ⊂ R 3 , the free energy at temperature T = β −1 > 0 is defined as usual as:
where H g denotes the operator defined by the quadratic form (2.2), restricted to func-
The latter restriction corresponds to choosing Dirichlet boundary conditions on the boundary of the cube [0, L] 3 . Alternatively, one can use the variational principle [13, Lemma 14 .1] to write the free energy as:
where 
where ρ > 0 denotes the particle density.
In the non-interacting case corresponding to taking g ≡ 1, the free energy density can be evaluated explicitly, and is given by [23] 
Our main result shows that the two functions, f g and f , are actually identical.
Theorem 2.1
For any β > 0 and ρ > 0, and any q ≥ 1,
We shall actually prove a stronger result below, namely a lower bound on F g (β, N , L) for finite N which agrees with the corresponding expression for noninteracting particles, F(β, N , L), to leading order in N , with explicit bounds on the correction term. Note that the corresponding upper bound is trivial, since for functions
. Moreover, as already noted above one has
vanish whenever x i = x j for some i = j. Hence, it suffices to consider the case q ≥ 2.
Theorem 2.1 also holds true for the ground state energy, i.e., β = ∞, where
The proof of the equality (2.8) in this case is actually substantially easier, as the analysis of the entropy in Sect. 6 is not needed.
Intuitively, the result in Theorem 2.1 can be explained via a comparison of (2.2) with (1.1). Effectively, the scattering process between two particles, i and j, say, corresponds to a non-zero scattering length of the form
In the limit of large particle number, the sum of these other terms diverges, corresponding to an effective scattering length zero, i.e., no interactions. A minor modification of the proof shows that Theorem 2.1 also holds for a model where the function 1/|x| in (2.1) is replaced by 1/|x| − 1/a for a ≤ 0, corresponding to a two-body interaction with negative scattering length a. This only increases the effective scattering length a eff .
From Theorem 2.1, we conclude that the model (2.2) is not suitable to describe a gas of fermions with point interactions, as it becomes trivial in the thermodynamic limit. No non-trivial models that are proven to be stable for arbitrary particle number exist to this date, however. Such non-trivial models are not expected to be given by a Dirichlet form of the type (2.2), since such forms are naturally well defined even in the bosonic case, where point-interaction models are known to become unstable due to the Thomas effect [3, 5, 8, 22, 24, 26] .
In the remainder of this paper, we shall give the proof of Theorem 2.1. We start with a short outline of the main steps in the next section.
Outline of the proof
In the first step in Sect. 4, we shall localize particles in small boxes. This part of the Dirichlet-Neumann bracketing technique is quite standard, but it does not directly allow us to reduce the problem to fewer particles, as the interactions depend on the location of all the particles, including the ones in different boxes. Still this step allows us to compare our model with the corresponding one for non-interacting fermions, by utilizing a suitable version of the Hardy inequality to quantify the effect of the deviation of the weight function g in (2.1) from being a constant. This analysis is done in Sect. 5. Note that the relevant constant to compare g with depends on the distribution of the particles in the various boxes, hence the importance of the first step. An important point in the analysis is a control on the particle number distribution, which is obtained in Proposition 5.4.
In Sect. 6, we shall give a rough bound on the entropy for large energy, which will allow us to conclude that to compute the free energy (2.4), it suffices to consider only states with energy E N ln N . We do this by applying the localization technique to very small boxes, with side length decreasing with energy, in order to have to consider effectively only the ground states in each small box.
In the low energy sector, corresponding to energies E N ln N , our bounds in Sect. 5 allow to make a direct comparison of our model with non-interacting fermions. This comparison is detailed in Sect. 7. For this purpose, we shall choose much larger boxes than in the previous step, very slowly increasing to infinity with N in order for finite size effects to vanish in the thermodynamic limit. Finally, Sect. 8 collects all the results in the previous sections to give the proof of Theorem 2.1.
Throughout the proof, we shall use the letter c for universal constants independent of all parameters, even though c might have different values at different occurrences. Similarly, we use c η for functions of η = βρ 2/3 that are uniformly bounded for η > ε for any ε > 0. Note that the free energy for noninteracting particles in (2.7) satisfies the scaling relation
and η → ∞ corresponds to the zero-temperature limit.
Particle localization in small boxes
. To obtain a lower bound on E g , we introduce Neumann boundary conditions on the boundary of each box B i .
Specifically, given a vector n = {n 1 , . . . , n M } of nonnegative integers with
where exactly n j particles are in B j , for all 1 ≤ j ≤ M. More precisely, if
and, for general A ⊂ R 3N and π ∈ S N (the permutation group of N elements)
we have
Then, clearly
Note that each ψ n is a function in A N q with the property that it is non-zero only if exactly n j particles are in B j for any 1 ≤ j ≤ M. In particular, the functions appearing in the decomposition on the right side of (4.5) all have disjoint support.
Conversely, given a set of functions ψ n ∈ A N q supported in B sym ( n), we can define ψ ∈ A N q via (4.5). Hence, there is a one-to-one correspondence between functions in A N q and sets of functions ψ n . We now redefine our energy functional E g as:
This coincides with the definition (2.2) in case
, but is more general since it allows for wave functions that are discontinuous at the boundaries of the B j , effectively introducing Neumann boundary conditions there.
Note that with the definition (4.6) above, we have
In particular, the corresponding operator is diagonal with respect to the direct sum decomposition of A N q into functions supported on B sym ( n), and hence the min-max principle implies the bound
where on the right side it is understood that each ψ n j is supported in B sym ( n). As a final step in this section, we want to simplify the problem by getting rid of the antisymmetry requirement for particles localized in different boxes. There exists a simple isometry between functions ψ n in A N q and functions whose support is on the smaller set B( n) in (4.1), where x 1 , . . . , x n 1 ∈ B 1 , x n 1 +1 , . . . , x n 1 +n 2 ∈ B 2 , etc., and which are antisymmetric only with respect to permutations of the y i corresponding to x i in the same box. This isometry is simply
Note that the normalization factor is chosen such that both sides have the same norm, and the left side can be obtained from the right by a suitable antisymmetrization over all variables y i . Moreover, both functions yield the same value when plugged into E g .
e., functions supported in B( n) that are antisymmetric in the variables corresponding to the same box. The bound (4.8) and the above observation imply that
Energy and norm bounds
Our goal in this next step is to derive a lower bound on E g (ψ) for ψ ∈ A N , q ( n), i.e., functions supported in B( n), and to compare the norm of such a ψ with the standard, unweighted L 2 norm. For this purpose, we shall need a certain version of the Hardy inequality, which will be derived in the next subsection.
Hardy inequalities
Recall the usual Hardy inequality
for functions f ∈Ḣ 1 (R 3 ). We shall need a local version of (5.1) on balls. 
Proof We apply the Hardy inequality 
for any ε > 0. For the left side of (5.1), a simple Schwarz inequality yields
for δ > 0. In combination, we obtain the desired inequality (5.2) by choosing ε = 1/6 and δ = 2/3.
For later use, we need a version of Lemma 5.1 on cubes with arbitrary location relative to the singularity.
Lemma 5.2 Let C
with c 0 ≤ 16 and c 1 ≤ 144.
The stated bounds on the constants c 0 and c 1 are presumably far from optimal, but suffice for our purpose.
Proof If y / ∈ C , we can replace it by the point in C closest to y. This can only increase the right side. Hence, we may assume that y ∈ C . Let B denote the ball of radius /2 around y. Then 
where
we get with the aid of the Hardy inequality (5.2) on B (with /2 in place of )
In the last step, we used that B intersects, besides C , at most 7 other translates of C , and that the intersection of B with these translates is, when reflected back to C , contained in C ∩ B (see Fig. 1 ). In combination, (5.6) and (5.9) imply (5.5).
A lower bound on E g
Let ψ be an
q ( n), defined just above (4.10). Let d jk denote the distance between boxes B j and B k . For x ∈ B( n), we can bound
Here, m k denotes the total number of particles in the 26 neighboring boxes of B k . The bound (5.10) immediately leads to the lower bound
, where E on the right side stands for the energy functional for noninteracting particles, corresponding to g ≡ 1 in (4.6).
Bounds on norms
In the following, it will be necessary to compare the norm · g = · | · 
To obtain a corresponding upper bound, we proceed as follows. For given i, corresponding to x i ∈ B k for some box B k , let N [i] be the set of js with j = i such that x j is either in the same box B k or in one of the 26 neighboring boxes touching B k . With m k as defined above,
for x ∈ B( n). The Cauchy-Schwarz inequality implies
for any ε > 0, where V is defined in (5.11). In the last term, we use the Hardy inequality (5.5) for the integration over x i , and obtain
If we reinsert g( x) 2 into the last integrand using (5.10), we thus obtain the following lemma.
Lemma 5.3 For ψ ∈ A
N , q ( n), we have the bounds
for any ε > 0, where K ± and V are defined in (5.11) and (5.14), respectively.
A bound on the number of particles in a box
Let again ψ be a wavefunction in A N , q ( n) and let us assume it is normalized, i.e., ψ g = 1. We have the following a priori bound.
Proposition 5.4 There exists a constant κ > 0 such that for any normalized ψ ∈ A
N , q ( n) and any > 0 we have
Here, [ · ] + = max{0, · } denotes the positive part. The bound (5.18) allows us to conclude that for all normalized ψ ∈ A N , q ( n) with E g (ψ) < E we have n j ≤ q for all j if we choose such that E 2 q 2/3 ≤ κ. Furthermore, for large E 2 we get the bound max j n j q 2/5 (E 2 ) 3/5 .
Proof We use Lemma 3 from [10] which states that for a subset A ⊆ {1, . . . , N } corresponding to particles
for someκ > 0 independent of A, and ψ. Here, y A is short for {y i } i∈A . Integrating this over the {y j } j / ∈A and summing over j yield (5.18) with the exponent 5/3 replaced by 1, and κ =κq 2/3 .
To raise the exponent from 1 to 5/3, we partition B j into μ 3 disjoint cubes {C k } k of side length /μ for some integer μ ≥ 1. We use the identity 
For the integration over {y s } s∈Q we can again use (5.19), with suitably rescaled variables to replace the integration over B j with the one over C k . (Note that g is homogeneous of order −1 and satisfies the simple scaling property g(λ x) = λ −1 g( x) for λ > 0.) This yields the bound
In the last step, we used again the identity (5.20) as well as
Since the left side of (5.22) is obviously non-negative, we can replace |A| − μ 3 q by its positive part on the right side.
It remains to choose μ. If we ignore the restriction that μ ≥ 1 is an integer, we would choose μ = (2/5)(|A|/q) 1/3 to obtain the desired coefficient ∝ |A| 5/3 /q 2/3 . It is easy to see that
for some universal constant c > 0. This proves the desired bound, with κ =κc.
A bound on the entropy
In this section, we shall use the estimates above to give a rough bound on
that is, the maximal number of orthonormal functions in A N q with E g (ψ) < E, for some (large) E. Its logarithm is, by definition, the entropy. Using the localization technique described in Sect. 4, the min-max principle implies that
where N n g (E) is the maximal number of orthonormal functions in A N , q ( n) with E g (ψ) < E. Given E, we shall choose small enough such E 2 q 2/3 ≤ κ, with κ the constant in Proposition 5.4. As remarked there, this implies that n j ≤ q for all 1 ≤ j ≤ M.
We will actually show that if E 2 is small enough, then the spectral gap for an excitation is larger than E, and hence N n g (E) is simply equal to the dimension of the space of ground states.
Lemma 6.1 There exists a universal constant c > 0 such that if we choose E
Proof With the aid of (5.12), we have
The ground states of the operator corresponding to the quadratic form E are all constant, i.e., they are simply products of anti-symmetric functions of the spin variables corresponding to each box, and have zero energy. The spectral gap above the ground state energy is given by (π/ ) 2 . With P 0 denoting the projection in L 2 (B( n), d y) onto the ground state space, we thus have
To bound the norm on the right side from below in terms of the weighted · g norm, we shall use Lemma 5.3. In (5.17), we can simply bound
for any ε > 0 and any
Applying this to (1 − P 0 )ψ in (6.5) and inserting the resulting bound in (6.4), we obtain
Finally, note that the ground states of E g and E actually agree, up to a multiplicative normalization constant. Hence, if ψ is orthogonal to a ground state with respect to the inner product · | · g , then
This concludes the proof.
In combination with (6.2), Lemma 6.1 yields the bound Proof We have (6.15) and, thus, the result follows if
for all k ≥ 0. Using the bound (6.13), one easily checks that this is the case under the stated condition onĒ for suitable c η .
For evaluating the free energy, we can thus limit our attention to eigenvalues E j satisfying β E j ≤ c η N ln N for suitable c η > 0. We shall show in the next section that in this low energy sector the eigenvalues are well approximated by the corresponding ones for non-interacting particles.
Comparison with non-interacting particles in the low-energy sector
We shall now investigate the bounds derived in Sect. 5 more closely and apply them to the low energy sector, where E g (ψ) ≤ E ψ 2 g for some E N ln N . We again localize the particles into boxes, this time with much larger , however. We start with the estimate on the ratio of the norm ψ g to the standard, non-weighted L 2 norm ψ .
g for some E with E 2 1 for large N . Then
with K − and V defined in (5.11).
We note that δ is small if
which gives us freedom to choose large while E N ln N . We will choose ∼ N ν for rather small ν below, in which case the first term in (7.2) will be dominating.
Proof The first bound in (7.1) follows immediately (5.17). For the lower bound, we use
in (5.17), where we denoten = max j n j . We can also bound V ≤ 27n N and
The second bound in (5.17), thus, becomes
for arbitrary ε > 0. By assumption E 2 is not small, hence we haven ≤ cq 2/5 (E 2 ) 3/5 , as remarked after Proposition 5.4. It remains to estimate the ratio K − /K + . We distinguish the contribution to the sum coming from d jk < r √ 3 and d jk ≥ r √ 3 , respectively, for some large integer r to be chosen below. We have
By optimizing over r as well as ε and using thatn ≤ cq 2/5 (E 2 ) 3/5 , we arrive at the desired result.
In combination with (5.12), Proposition 7.1 yields the lower bound
q ( n) in the low energy sector E g (ψ) < E. This allows us to compare our model directly with non-interacting particles. Note that the eigenfunctions of the operator corresponding to the quadratic form on the right side are tensor products over different boxes and, in particular, the eigenvalues are simply sums over the corresponding eigenvalues of free fermions in each box. The bound (7.8) does not directly give us lower bounds on the eigenvalues of H g , except for the lowest one, however. To complete the proof, we have to estimate the difference between the inner product · | · g and the standard inner product on L 2 , denoted by · | · in the following. We define the multiplication operator
which is larger or equal to 1 by (5.10). The bound (5.12) thus reads
where we introduced φ = Gψ and denoted by H the Hamiltonian for non-interacting particles, i.e., the Laplacian on B( n) with Neumann boundary conditions. Note that the orthogonality condition ψ j |ψ k g = 0 is equivalent to φ j |φ k = 0. Given some E 0 > 0, we define the cutoff Hamiltonian
with θ denoting the Heaviside step function. This is clearly a bounded operator with H c ≤ E 0 . Obviously
which we further bound as: 
Convergence of the free energy
We now have all the necessary tools to complete the proof of Theorem 2.1. Proposition 6.2 implies that if we chooseĒ = c η β −1 N ln N for a suitable constant c η > 0, then which is an easy exercise. To minimize the total error, we shall choose This completes the proof of Theorem 2.1.
